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844 Dr. E. B. Rosa on the Specific Inductive 
would be fully supported, so that its altitude above the mean 
ocean-level would-correspond exactly with its thickness. The 
subject has been fully discussed by Prof. R. S. Woodward, of 
the U.S.A. Geological Survey, and he has calculated the 
amount of submergence at vatting distances from the edge 
of the ice for various dimensions of the ice-sheet'*. He 
bgives a table showing the disturbance of the sea-level attri- 
utabIe to an ice-cap of 38 ° angular radius and 10,000 feet 
uniform thickness, and of the variation of the sea-level 
attributable to the same mass, on the supposition that the 
north and south poles have been alternately glaciated, as Dr. 
CroWs theory would require them to be. It appears from his 
figures that a submergence of about 1000 feet would be pro- 
duced at the margin of the ice-cap under those circumstances. 
It will be observed that the thickness of the ice assumed is 
extremely great, and that this cause of submergence is not 
nearly so effective for a given thickness of the ice as that of 
subsidence, which we have just considered. At the same 
time it is certain that such an ice-cap, if so supported~ would 
produce the effect described, although it is by no means 
certain that it would be supported. 
It may be asked whether these two theories of submergence 
are necessarily alternative. Why may not the submergence 
be partly due to subsidence, and partly to the attraction of 
the ice-sheet? The answer seems tx~ be, that these two causes 
of submergence cannot exist together, because, if the crust 
were to be depressed into the substratum a mass of heavy 
magma beneath, approximately equal to that of the ice, woul~t 
be displaced, and distributed through the general spherical 
interior. There would therefore be no increase of mass in the 
immediate region of the ice-sheet to disturb the mean level of 
the ocean, 
XXXIX.  _Further Experiments on the Specie Inductive 
Capacity of Electrolytes. By EDWARD B. ROSA, Ph.D., 
_Professor in Wesleyan University*. 
[Plate IX.] 
I. " IN a note appended to an article on the "Specific Induc- 
tive Capacity of Electrolytes," in the Philosophical 
Magazine for March 1891, I referred briefly to some experi- 
ments then under way on the behaviour of glass in a non- 
t* a On the Form and Position of the Sea-level, Bulletin of the United 
States Geological Survey, No. 48. Washington~ 1888. 
J" Communicated by the Author. 
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Capacity of Electrolytes. 345 
uniform electrical field in different liquids. The experiments 
were undertaken with a view of verifying the results of 
previous work, which indicated that water and alcohol possess 
genuine specific inductive capacities much larger than most 
other liquids, although not infinite as sometimes stated. 
The energy of an electrical system is 
W= 8-~KH'dv .  
Supposing the media isotropie, and the system to consist of a 
solid dielectric immersed in a fluid, we may write 
where the first integral is to be taken throughout the fluid 
and the second throughout the solid. If  K I> K the force in 
the fluid near the solid is increased, while within the solid it 
is decreased, as compared with the forces in the absence of 
the solid. The total energy is, however, increased by the 
presence of the solid, and if the field is variable the solid is 
acted upon by a resultant force which urges it toward the 
stronger parts of the field. If, however, K1 < K the solid 
tends to move toward those regions where the electric force 
is less. This is analogous to the case of magnetic and 
diamagnetic bodies in a magnetic field. 
These considerations lead one to expect that glass (for 
example) would go toward the stronger parts of the field in 
air, turpentine, and other dielectrics having a small value of 
K, and toward the weaker regions of the field in water and 
alcohol. Moreover, since K for water and alcohol is very 
large, the glass would experience a force many times greater 
in water in the one direction than in air in the other. These 
anticipations have been completely realized. 
The Electrical Field. 
II. In order to obtain an electrical field in which the in- 
tensity of the electric force varies in a known manner, I chose 
the case of two parallel wires oppositely charged. As is well 
known, the equipotential surfaces and tubes of force are in 
this case circular cylinders intersecting orthogonally. A 
section perpendicular to the two parallel wires M, N is shown 
in fig. 1, Plate IX. The field may be calculated by means of 
conjugate functions in two dimensions. Putting 
log (x + iy)=a + if~ 
D
ow
nl
oa
de
d 
by
 [U
niv
ers
ite
 L
av
al]
 at
 20
:38
 25
 Ju
ne
 20
16
 
346 Dr. E. B. Rosa on tl, e Specific Inductive 
we have the case of a single charged wire, where a=constant 
is the equation of the equipotential surfaces and fl--constaut 
is the equation of the lines of force. Hence 
/ ~J+iJ  \ log +,'a 
gives the case of two oppositely charged wires. Transferring 
the origin to a point equidistant from the wires and on the 
line joining them, we find 
a=l logb  , 1 " -A"  d" 2Ay x 
a 
R~= ~/~, Ra= ¢~ + B~. 
represents ~he equipotential lines, and B the lines of force ;
a and b are the distances from the points M and N respectively 
to the points cl, c~, ¢~... along the axis of X. For given 
values era and b, a is constant and so also is R~ the radius of 
the equ]potential lines, which are therefore circles with 
el, e~, ¢3. -. as centres. A is the constant distance O N. B is 
the distance from O to the points $1, $2, 83... For a given 
value of B,/9 is constant and also Ra, the radius of the corre- 
sponding line of force, which is therefore a circle. These 
two systems of circles divide up the plane into areas which 
are in the limit squares, and the figure shows how the force 
varies from point to point. To get the force at any point 
da along the axis of X, find the corresponding value of dx' 
y being zero ; and for the force a~ points along the axis of Y 
(the force of course being perpendicular to the axis of Y), 
since dxda _ d.y'dB find the corresponding values of d~,X being 
zero. Thus, 
da__  d~' db A r' I  4A ~ .] 
dx db" dx -- 2 Ll~ (A2--x~)~] ' 
d~ 2A 
dy ~ - -y~+A ~" 
At the origin x=y=0,  and R=~ ; hence 
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Capacity of Electrolytes. 347 
force= da 2 d.8 
The force increases as we pass either way from the origin 
along the axis of X, and decreases along the axis of Y. We 
may replace any equipotential surfac% as as, by a conductor 
bearing a charge equal to that of the line N, and then re- 
moving N from the system the space within a s is at a uniform 
potential, and the field without is entirely unaltered. Hence, 
instead of using two charged lines 1VI, N to produce the 
electric field, two circular cylinders of considerable diameter 
are employed. A solid dielectric at any point on the axis of 
Y will approach or recede from the origin 0 according as its 
specific inductive capacity is greater or less than th£t of the 
medium surrounding it. When the liquid medium is sllghtly 
conducting the case is not so simple ; for then surface charges 
develop on the solid, and the lines of force, which are now 
stream lines, go round the solid. The distribution of energy 
is modified, and we cannot say at once that the ratio of the 
specific inductive capacities is the sole criterion which de- 
termines the direction of the resultant force on the solid. 
The Apparatus. 
In the experiment there were employed two pairs of elec- 
trodes, M1, N1 and M~, :N~, shown in section in fig. 2. They 
were of platinum, 0"9 centim, in diameter, 5"0 centim, tong, 
and their centres were 2"6 centim, apart. M1 and M~ were 
joined to one pole of a battery furnishing any desired potential 
up to 140 volts ; N 1 and :N~ were joined to the other pole ; 
and a rotating commutator served to give alternations of 50 
to 100 per second. Two cylinders S~, S~ of glass, mounted on 
glass stems, were carried on the arms of a torsion balance, d 
being the axis of rotation. The deflexion was measured by a 
telescope and scale, and the force determined in absolute 
measure. The cylinders of glass were subsequently replaced 
by cylinders of parai~n, beeswax, and other dielectrics, and 
carbon and brass among conductors. The force f on the 
cylinders is perpendicular to the direction of the lines of 
d(H~) 
electric force and is proportional to - -~y,  where YI is the 
electric force. 
2A 
H=C- -  
A ~ + y~' 
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348 Dr. E. B. Rosa on the Specific l~Muct/ve 
where C depends on the difference of potential between the 
electrodes, f has a maximum value at a point P where 
A 
Y= 
that is, about a quarter of the distance between the axes of 
the cylinders from the origin. About this maxinmm point 
the force varies but little tbr a considerable distance. This 
is then a particularly favourable place to put the solid S, 
as an exact knowledge of its position is not necessary. A 
ti~irly accurate adjustment was, however, always made, by first 
bringing the solid just between the electrodes where the 
resultant force is zero, and then turning the torsion-head, by 
means of a lever reaching to the telescope, always through 
the same angle. The resultant force f on the solid is inversely 
proportional to A '~, and directly proportional to the volume of 
the cylinder, that is to the cube of its linear dimensions. Thus 
changing the linear dimensions of the system does not alter the 
force on the solid. The following is a brief statement of the 
reaulf~ observed :--  
1. Glass cylinders in air, petroleum oils, bisulphide of 
carbon~ turpentine, and benzene are attracted ; that is, 
move into the stronger parts of the field. 
2. The force is least in air and greatest in turpentine ; in 
short is greater it) those media having a greater specific in- 
ductive capacity~ all, however~ being considerably less than 
that of glass. This indicates that the principal change of 
energy is in the fluid medium. 
3. In wafer, alcohol, and ether (the latter containing water 
and alcohol as impurities) glass is repelled, the forces of 
repulsion being nearly in the ratios of 9 : 3 : 1 respectively. 
In bisulphide of carbon containing about 20 per cent. of the 
same ether, glass is attracted, but with about 40 per cent. 
it is repelled. 
4. The force of repulsion on glass in water is over 60 times 
as great as the attraction in air. Since this is approximately 
the value of the specific inductive capacity of ware-r- it suggests', 
as in the case of glass in liquids of low specific inductive 
capacities, that the chief change in energy due to ~e presence 
of the glass is in the fluid media. 
5. The force on the glass is proportional to the square of 
the difference of potential between the electrodes, and there- 
fore to H ~. In the ease of water and alcohol this was verified 
quite accurately ; and in the case of the other liquids, where 
the forces were much smaller, it was verified approximately. 
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Capacity of L'lectrolytes. 349 
Conducting Cylinders. 
III. If the cylinder is a conductor and is surrounded by a 
noncomtucting medium, the lines of force are drawn toward 
it, as lines of magnetic force are gathered up by a piece of 
iron put into a magnetic field. The resultant force is always 
one of attraction toward the electrodes. This follows from the 
tendency of the lines of force to shorten, and being more 
numerous on the side toward the origin~ the conductor isdrawn 
in that direction. I f  the surrounding medium is a conductor, 
the case is not modified providing the solid is a very much 
better conductor. Thus, suppose the cylinder is carbon and 
the medium water. The latter is a fair conductor, yet carbon 
conducts millions of times better than does distilled water, 
and the lines of force will be arranged sensibly the same as 
though water were a nonconductor and carbon a perfect con- 
ductor. The resultant force on the cylinder in a given field 
will evidently be proportional to the specific inductive capacity 
of the medium of the field. This is a much simpler ease than 
that of a dielectric solid in a liquid, where the conductivity of 
the liquid and the specific inductive capacity of the solid 
affect he result. As before, an accurate adjustment of the 
position of the conducting cylinders is not neccssary~ and 
using the same cylinders with the same difference (or known 
differences) of potential, this would seem to be an excellent 
method of measuring the specific inductive capacity of liquids. 
Accordingly, cylinders of carbon (cut out of an are-light 
carbon) were mounted in the torsion-balance and the force of 
attraction under various conditions measured. 
1. The fore% as we should expect, is accurately proper- 
tional to the square of the difference of potential for air and 
all liquids, conducting and nonconducting. 
2. The force is approximately proportional to the volume of 
the cylinder. This was found to be roughly true for three 
pairs of cylinders of nearly equal ength, but of very different 
volumes, i.e., 0"73, 5"7, and 10"0 cubic centimetres respec- 
tively. The force increased somewhat faster than the volumes, 
which would be expected, as the larger cylinders exiend 
farther into the stronger parts of the field near the electrodes. 
For small changes in the volume the force may he ~akea s 
proportional to the volume. 
3. The following tables give series of measurements made 
with the second pair of cylinders (volume 5"7 c.c.) in air and 
turpentine. Other measurements agreed with these almost 
exactly. 
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350 Dr .  E .  B. Rosa on tl~e Specific Inductive 
TABLE I . - -A i r .  
V=Potentials. 
105"0 volts. 
107'0 ,, 
132'5 ,, 
118"2 ,, 
Deflexions. 
202 era. 
2"08 ,, 
3"15 ,, 
2'53 ,, 
V 
Squares of ~-0" 
1"102 
1'145 
1"755 
1 "397 
Quotients of 
Deflexions by 
V 2 
l"83 era. 
1"82 ,, 
1"80 ,, 
1"81 ,, 
~ean for 100 volts . 1"815 ,, 
TABLE II.--Turpentine. 
V 
V=Potentials. Deflexions. Squares of 100"  Quotients. 
10i'4 volts. 
ya  
t~ 
101"5 volts. 
101"2 volts. 
4"48 era. 
4"44 ,, 
4"45 ,, 
4'48 ,, 
4"47 ,, 
4"47 ,, 
1 "028 
J~ 
1 "030 
1 "024 
4"36 era. 
432 ,, 
4"33 ,, 
4"35 ,, 
4"34 ,, 
4"36 ,, 
Mean for 100 volts .................. 4"34 ,, 
4"34 
1"815- -  2"30- - - -  specific inductive capacity of Turpentine. 
I n  the  same way other  l iqu ids were  t reated,  and  the fol low- 
ing  va lues  of  the i r  specif ic induct ive  capac i t ies  obta ined  : -  
Water  at  16°"5 C . . . . . . . . . .  K -70 .  
A lcoho l ,  about  93 per  cent  . . . . . .  K - -30"9 .  
E ther  (w i th  water  and  a lcohol  impur i t ies )  , K---- 8"4. 
Turpent ine  . . . . . . . . . . .  K = 2"39. 
Pet ro leum Oil, 300 ° Test  . . . . . .  K= 2"04. 
Pet ro leum 0 i l ,  l i ght  i l l uminat ing  . . K= 1"97. 
The  d i f ference between the  above  va lue  for  a lcohol  and  
that  p rev ious ly  g iven  for abso lute  a lcohol  (25"7) is read i ly  
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Capacity of Electrol fles. 351 
accounted for by the water present in this. Pure ether has 
a much smaller value than that given above. 
This method is capable of giving tolerably accurate results, 
although it cannot be used with heavy oils ; tbr the force to 
be measured is small and the volume of the cylinders is con= 
siderablel hence the latter move very slowly through a quite 
viscous liquid. The method given in the paper already 
referred to is applicable to such liquids~ and is perhaps more 
convenient for all. 
Mathematical Theory. 
IV. An exact solution of this problem would be difficult to 
obtain. An approximate solution may be found as follows. 
Maxwell (vol. i. ch. v.) gives an expression for the mechanical 
action between two electrical systems in terms of a surface 
integral taken over one of them. The value of the Y-com- 
ponent of the force is 
B=~5 (% + rap. + ~p~) d., 
where ds is an element of the closed surface of one system and 
l, m, n are direction-cosines of the normal to ds. Writing V 
instead of ~ for the potential, the values of the/o's are 
1 dV dV 
P'Y=4~r" dy " dx" 
1 8= #vy  
1 dV dV 
P~--47r dy " dx 
Ill tile present case, if the axis of Z be taken parallel to the 
dV 
axis of the cylinder, dzz = 0~ and we have 
B LK" C¢ o[dV~ coso/dV~'+ odV dV~d 0 =-~-~ PJ+t oos ~/ -  ~]  2sin @. d~, j , (A) 
since ds=LpdO, L being the length of the cylinder and p 
its radius. K" is the specific inductive capacity of the medium, 
assumed above to be unity. Using r and 0 instead of x and 
y, this expression becomes 
LK" ~'| ~(dV~ ~ cos~ /dV \  ~ sin~ dV dV}d0. (B  )
~=--~--~ PJI cos ,.+,./ + " (~)  -~ ,. '" d~-" d~ 
(Fig. 3.) 
Since two parallel ines oppositely charged have equipoten- 
fial surfaces which are circular cylinders more and more 
excentric as they become larger (see figure 1), we can replace 
our two parallel circular cy]indcrs by two lines M, 1~ which 
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352 Dr. E. B. Rosa on the Specific Inductive 
are nearer together than the axes of the cylinders. The 
potential at any point 19 distant R I and R/I from these lines is 
V=log  Rl-- log R". 
Expanding log R r and log R" in terms of R, r, and tho 
angle ¢, wehave approximately 
logR t= logR-Ecos  " r 1 r ~ 1 r z ~ + ~ cos 2~,  + ~ cos 3~ ~ + . . . .  "] 
v 1 r ~ 1 ~.  ~ log a"=log R-- Ices  cos + +...] 
~b = a -  6 and ~bl = ~ + 0 ; hence 
[ ,1  ; 
log R' - - log R"=V= --2 sin e sin 0 ~ + ~ sin 2~ sin 20 
1 r ~ 
+ g sin 3~, sin 30~ +. . . ] .  (C) 
Inside the cylinder the potential is 
W ~ al ~ sin 0 + a.~ ~'~ sin 20 4- a 3 r ~ sin 30 + . . . .  
Outside the potential is 
Va - -V+ bl sin 0+~ sin 20+ sin 30+ . . . .  
r 
V being the potential when the cylinder is absent, and 
a- a a- and bl, b2, b~. . being undetermined coeffi- 
I ,  2~ 0 " " " 
cients. Substituting the value of V given by equation (C) 
in the expression for V ~/, we have 
V//__vbl ~r  . L;-Z ~sm ~,] sin O + ~ -- ~2r'~ sin 2~] sin 20 
3 tt 8sin3 sin 30+ . . . .  
At the surface, where r=p the radius of the cylinder, tho 
~,  dVI ~r  dV" 
conditions are that Vt--Y" and Is, -~7,r =tk '  dr"  These 
equations determine tho coefficients al, a~, aa • • • b~, b~, bs . . .  
and give 
V, , _2{(KP~_r )S in~t  • 0 P"  ~ ---R-- sm +x (K~- - r ' )  sin2a " ~  sin 20+ 
1 (K  P~--r~) sin3a " ), (D) ~sln  30+.. .  
K~--K~ where K=K--7-~-~t. Differentiating this value of V", we 
have, after putting r----p, 
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Capacity of Electrolytes. 353 
dW I
dr =--2(K+l )  gsina,. " ^ ~- -sm~¢0+O ~s ln ;SO+. . .}  ~Tsmo+ps in2a  • _- 2sln3a. _- 
1 dV u =+2(K_ l )~s ina  . - sin2a . _-  2s in3a.  , -  --R-- sin O+p~ sm ~¢t/+p --R-~sm ~o+. . .  j d0 
To find the value of B (equation B), we integrate with 
respect o 8 between 0 and 2~r the three terms under the 
integral sign. 
f['eoso(d~'~dO=4.,,.o(K + 1)~ { sin a sin 2a . sin 2asin 3a 
It3 + p~ ~-~ +. . .  
~o '~ ,,[dV" 1\ ~ . . . . .  . 1, ~ |s inas in2a+o~sin2~ts in3, ,  } 
i W +""  
sin 8 dr dO ] 
Substituting in equation B we have, since 
K I - K" 
(K + 1) ~-  (K - -  1)2 = 4K = 4 Kt + K"  
LK" K ' - -K"  { sin ~tsin 2a sin 2asin 3a } 
B= ~.p.4~P.4K~ ~ - W +O: R ~ -1-.. (E) 
But L~p~=v, the volume of the cylinder. 
A 
sin ~t =~.  
AB 
sin 2a = 2 R"" 
sin 3~t=3 B~-A~ A 
R 2 "R" 
For the case of a conducting cylinder, as carbon, K t is un- 
known; but owing to its conductivity, the distribution of 
potential is the same as though K r were infinite. Hence 
K I _ K t i 
Kt + Kt t -  1. 
Substituting these values in equation E, we have, 
p~ B ~-A* 
In the experiment A~----5B ~, B=1"22 em., and in the case 
of carbon cylinders, v----2"85 c.c., the volume of one cylinder. 
Substituting these values in the formula, and neglecting the 
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small second term, we have for air, 
B = 0 '52  dyne.  
It does not appear as yet what is the strength of the field, 
or the difference of potential between the electrodes. Our 
formula for the potential due to two parallel wires is 
R' 
V=log Rl--log R"=log ~9) ; 
this shows that alongthe axis of Ywhere R~=R ", V=0.  At 
a (figure 3) Rt=0"37 cm. and lT/=2"07 cm., whence V= 
+1"72 electrostatic units, or +516 volts. The force of 0"52 
dyne calculated above is there~re for a difference of potential 
of 1032 volts between the electrodes. For 100 volts, since 
the force is inversely as the sq,mre of the difference of poten- 
tial, it would be ~ = 106"5 times less ; or 
B--~ 0"0049 dyne for  100  vo l ts .  
The torsion of the suspending wire was determined and 
found to require 0"0040 dyne for each centimetre of deflexion 
on the scale. As 100 volts gave 1"50 cm. with carbon cylin- 
ders in air (for this Tosition of the scale), this would corre- 
spond to 0"0060 dyne. Thus the measured force is nearly of 
the same magnitude as the calculated, but about 20 per cent. 
greater. This is probably due in large part to the effect of 
the ends of the cylinders, which tend to increase the force, 
and of which no account was taken in the calculation. More- 
over, the electrodes being short, the field would not be quite 
uniform along the axis of Z as was assumed ; this would be 
strictly true only for infinitely long electrodes. 
The agreement is, however, sufficient o serve as a verifica- 
tion of the formula which, although only an approximation, 
is yet of a good deal of interest. For the purpose of deter- 
mining the specific inductive capacities of liquids, we have 
only to compare the forces on the same cylinders in the 
several liquids, and the error due to the ends of the cylinders 
has no effect. 
The experiments were carried out last year at the Physical 
Laboratory of the Johns Hopkins University, and this paper, 
together with e one already referred to, constituted a Thesis 
offered for the degree of' Doctor of Philosophy. I have to" 
thank Prof. Rowland forthe solution given in the t'ourth part 
of the present paper. 
Wesleyan University, 
Middletown, Conn., July 1892. 
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